M into N are the same as the conformal mappings f: M -> N (allowing for points where df= 0). However, if dimM = dim N ^ 2 , the only non-constant harmonic morphisms (if any) are the conformal mappings with constant coefficient of conformality (i.e., the local isometrics up to a change of scale, Theorem 8.) In the general case where just dim M ^ dim N ^ 1 we find (Theorem 7) that /*: M -> N is a harmonic morphism if and only if f is both a harmonic mapping in the sense of Eells and Sampson [7] and a semiconformal mapping in the sense that the restriction of f to the set of points at which df ^ 0 is a conformal submersion (see § 5 for a more explicit definition). The simple case N = R 71 is settled independently in Theorem 2 below ( 2 ). The symbol a^f) of a harmonic morphism f: M -> N at a point a e M is a harmonic morphism ^a(/*) ^ M^ --N^) (Theorem 9). Using this we prove that every non-constant harmonic morphism f: M -> N is an open mapping (Theorem 10). This theorem extends the classical fact that every nonconstant conformal mapping f between Riemann surfaces is open, even if points with df = 0 are allowed. Theorems 9 and 10 also treat the more general case of semiconformal mappings. The methods employed are classical.
Constantinescu and Cornea proved in [4] that every nonconstant harmonic morphism /*: M -> N between Brelot harmonic spaces M and N is open with respect to the fine topologies ( 3 ) on M and N , provided that the points of N are all polar (which in the case of a Riemannian manifold N amounts to dim N ^ 2). This important result was obtained by purely potential theoretic methods, and it neither implies nor follows from our result (in the case of Riemannian manifolds). It is not known whether every non-constant harmonic morphism f: M -> N between Brelot harmonic spaces M 
The fine topology on a harmonic space is the coarsest topology making all subharmonic functions continuous. It is finer than the initially given topology on the space. 4 ) The hypothesis that the points of N be polar cannot be removed, as shown by an unpublished, simple example due to Cornea (personal communication). In this example N == R (so that all points of N are non-polar), while the harmonic space M is a well-behaved Brelot harmonic space (not a manifold), and the fine topology on M coincides with the initial topology, just as in the case of N == R . (February 1978 ). -The hypothesis of the Brelot convergence axiom cannot be removed, as shown recently by an example due to H. and U. Schirmeier (personal communication).
Added in proof

Notations and preliminaries.
The Riemannian manifolds to be considered should be connected, second countable, and (for simplicity) infinitely differentiable.
The metric tensor on a Riemannian manifold M is denoted by g or gM • The Laplace-Beltrami operator on M , denoted by A or A^ 5 is given in local coordinates As shown by R.-M. Herve [9, Chap. 7'] , the sheaf of harmonic functions in this sense turns the manifold M into a Brelot harmonic space (in the slightly extended sense adopted in Constantinescu and Cornea [5] We shall make extensive use of the Carleman-AronszajnCordes uniqueness theorem for harmonic functions: It the partial derivatives of all orders of a harmonic function u on M (using local coordinates) vanish at a point of M , then u is constant. (See [I] , [6] .)
According to an interesting, recent result by Greene and Wu [8] , every non-compact n-dimensional manifold N admits a proper embedding ^ into R 2^ such that the components ^k are harmonic on N . It follows in particular Every harmonic morphism f: M -^ N is of class C°°. In fact, using harmonic local coordinates (^/ c ) in N (invoking [8] ), we arrange locally that the components f k == y k o f become harmonic and hence C 00 in M . Among the general results obtained by Contantinescu and Cornea in [4, § 3] for harmonic morphisms (between harmonic spaces), we shall only make use of the following two basic properties :
A non-constant harmonic morphism f: M -> N « pulls back » subharmonic functions, in the sense that « harmonic )) can be replaced by « subharmonic )) in the above definition [4, Cor. 3.2] . In our case of Riemannian manifolds M , N we therefore have 
B. FUGLEDE
Every harmonic morphism /*: M -> N with M compact and N non-compact, is constant. In fact, via a harmonic embedding ^ : N -> R 27^ (invoking [8] ), we obtain harmonic functions ^k o f on M , and the harmonic functions on a compact Riemannian manifold M are all constant according to the maximum principle.
Returning to general Riemannian manifolds M and N , it is obvious that the notion of a harmonic morphism is purely local. Explicitly: The assignment, to every nonvoid open set U <= M , of the set of all harmonic morphisms of the submanifold U into N , defines a sheaf (more precisely a complete pre-sheaf).
If L denotes a further Riemannian manifold, then the composition of a harmonic morphism 9 : L -> M with a harmonic morphism f: M -> N determines a harmonic morphism f o cp : L -> N , as it should be.
The case N == B/
1 .
THEOREM -For any m-dimensional
Riemannian manifold M and any Euclidean space R" (with its standard Riemannian structure), the following properties of a mapping f: M -> R" are equivalent:
is a harmonic morphism.
2) For every harmonic polynomial H on R" of degree 1 or 2 , H o f is a harmonic function on M .
3) The components f^ , . . . , f^ of f are harmonic in M , and their gradients are mutually orthogonal and of equal length \(x) at each point x e M :
gM(VA^)-^2f
or every /c, 1=1, ... , n . [6] ). We call X the dilatation of /*.
4) f is
Proof. -The implication 1) =^ 2) is trivial. To prove that 2) ==^ 3), take first H(i/) = y^ (k == 1,. . .,n) to show that each f,, is harmonic (in particular C 00 ). Next take H(y) = y^yâ nd HQ/) = y^ -y 2 with k -=^ I to show that
and similarly that the function X ^ 0 given bŷ
is independent of k = 1 , . . . , n . The implication 3) ==^ 4) is straightforward on account of the elementary identity
(with summation over k , I = 1, . . . , M in the former term on the right, and over /c = 1 , . . . , n in the latter).
Finally, 4) =^ 1) because property 4) can be localized as follows : For any open set V '= R" and any p e C^V), the stated relation holds in /"^(V). In fact, for any given x e /^(V), v agrees in some neighbourhood W c V of f{x) with a function w e C^R"), and so we have ^of=wof and (A^) o f = (Aw) o f in the neighbourhood /^(W) of x , showing that the desired relation holds in ^(V).
At any point x e M , V/^ , . . . , V/*^ span the orthogonal complement K^-of K^. = ker rf/* (at x) within the tangent space MLp . Hence 3) shows that if df 7^ 0 at x, then X(o;) > 0 , and the orthogonal vectors V/i(^), . . . , ^fnW are linearly independent, so that K^-is n-dimensional and c?/* surjective at x .
Remark. -In the case M c R" = N the equivalence of 1) and 3) in the above theorem can be traced back essentially to Cioranesco [3] . The above simple proof of the theorem does not seem to extend to the case of a general n-dimensional Riemannian target manifold N except for n = 2 . For although it is possible, by virtue of [8] , to choose local coordinates (?/') in N so that each y k is harmonic in N , one cannot arrange that also y k y l and (y^) 2 -{y 1 ) 2 be likewise harmonic for k -=fc I, except if N is locally conformally Euclidean, and even locally isometrically Euclidean if n=^2 . (In fact, the stated properties of the local coordinates ŵ ould mean that the coordinate mapping from N into Rŵ ould be a harmonic morphism by 2) of the above theorem, and hence a local isometry up to a change of scale (if n ^ 2) by Theorem 8 below).
In the sequel we shall see that, nevertheless, the above theorem extends, after deletion of Property 2), to the case of a general Riemannian manifold N of any dimension n . This extension will be accomplished in Lemmas 3 and 4 and in Theorem 7. Proof. -If n = 1 , we may assume that N = R (with its standard Riemannian metric), and hence that f: M ->• R is a non-constant harmonic function on M . By the uniqueness theorem [I], [6] 5 f cannot be constant in a neighbourhood U of a point of M , and hence df = 0 cannot hold in all of U . Now let n ^ 2 , and consider a non-void open subset U of M . Let r denote the highest rank of df attained in U , and let x e U be such that df has rank r at x . Choose an open neighbourhood V <== U of x in M such that df has rank r at evety point of V and further that the restriction fjV is a submersion of V onto an r-dimensional submanifold /'(V) of N . According to [4, Theorem 3.5] , /'(V) is a fine neighbourhood of f(x) in N , and hence r == n ( 7 ). We prefer, however, to give also another proof that r = n , using less advanced tools. Consider an embedded submanifold P <= /'(V) of dimension p = min (r, n -2).
Since p < n -2,P is a polar subset of N , and hence /^(P) is polar in M by [4, Theorem 3.2] quoted above. Clearly V n /^(P) contains an embedded submanifold of M of dimension p -{-{m -r) , and since this submanifold is polar in M , we obtain
showing that p ^ r -2 . In particular p < r , and hence p = n -2 by the definition of p . Consequently
and so n = r since trivially n ^ r . ( 7 ) By a fine neighbourhood W of a point y e N is understood a neighbourhood of y in the fine topology on N (the coarsest topology making all subharmonic functions continuous). Equivalently, N\W should be « thin » (effile) at y in the sense of Brelot. An r-dimensional embedded submanifold of an n-dimensional Riemannian manifold N has no finely interior points except if r == n. In our alternative proof of the conclusion r = n above we shall use instead the equally well-known fact that an r-dimensional embedded submanifold of N is polar if and only if r ^ n -2 . Remark. -Once Theorem 7 below is established, the above Lemma 3 becomes obvious in view of the uniqueness theorem, as explained above in the case n = 1, and earlier in the case N = R" treated in Theorem 2. In fact, Theorem 7 implies that every critical (= non-regular) point x e M for a harmonic morphism /*: M -> N has rank 0 , that is, df = 0 at x . The lemma may be sharpened as follows :
The set Mo of all critical points for a non-constant harmonic morphism f: M -^ N is polar in M .
Since every critical point for f has rank 0 , it follows from Sard [13, Theorem 2] that E=/'(Mo) has Hausdorff measure pia(E) = 0 for every a > 0 (here we use that f is C°°). When n ^ 3 , we may take a < n -2 and conclude that E is polar in N . As mentioned in § 1, this implies that Mo <= /^(E) is indeed polar in M .
An alternative, more elementary proof, valid for any dimensions m and n, can be given, using the implicit function theorem after having reduced locally to the case of a harmonic function u == v o f y where ^ is chosen harmonic and non-constant in an open subset of N . And it turns out that the set of critical points for any non-constant harmonic function u on M can be covered by a countable family of (m -2)-dimensional submanifolds imbedded in M, and consequently the critical set is polar.
If the manifolds M and N are real analytic, then so is the harmonic morphism /*, and hence the set E = f(M.o) of critical values for f is countable, cf. Kellogg [10, p. 276 ].
A first characterization of harmonic morphisms.
LEMMA. -A C 2 •'mapping f: M -> N is a harmonic morphism if and only if there exists a function X > 0 on M (neces-
sarily unique and such that X 2 is C°°) with the property that
for all (^-functions ^ : N -> R .
Remark. -The stated condition can be localized so as to apply to functions v defined merely in open subsets V of N . This is shown just like in the special case N = R", see the proof of 4) ===^ 1) in Theorem 2 above.
Proof of the lemma. -The « if part )) is obvious in view of the above remark. The uniqueness of X and smoothness of X 2 are established by choosing, for any given point x e M , a C°° function Wy, in some open neighbourhood W^. of f(x) so that AN^ > 0 in W^. ( 8 ). Then X is determined uniquely in the open neighbourhood /^(Wa.) of x by X = X^. , where for pey-^W.,) n y-^Wy) nM'; and hence
because M' is dense in M according to Lemma 3. This shows that all the functions \p(^ e M) have a common extension to a function X ^ 0 on all of M and such that X 2 is C 00 . And this function X likewise extends any of the functions ^p(p £ M') in view of (4). For any p e C^N) we therefore have (2) in M' (namely in the abovementioned neighbourhood Up of any given point p e M'). Finally To complete the proof we shall show that under these particular circumstances, there does exist a function X ^ 0 on M such that (2) holds for every ^ e C^N) (under the hypothesis that f: M -> N is a harmonic morphism).
For any function y \->• v(y) on N , v o f is the same function ^ , but now viewed as a function of x == (y,z) £ M not depending on z e Z . For fixed z e Z , A^(^ ° f) is the result of the action on ^ of an elliptic differential operator Lô f the form
y ^y ^y 
for all v e C^N). Clearly p^ 0 since (g^,z)) and (g^j(y)) (both with kyl == 1,. . ^n) are positive definite matrices, and they determine the leading terms in AM^ o f) and (A^^) o ^, respectively. The function X == \/p^ o f depends on y e N and also on z e Z , thus altogether on rr = (y?^) ^ M , and we have established (2) for this function X ^ 0 under the circumstances specified above. This completes the proof of the lemma.
Semiconformal mappings.
DEFINITION. -Suppose that m ^ n , that is, dim M ^ dim N .
A ^-mapping f: M -> N is called semiconformal if the restriction of f to the set of points of M at which df -=^ 0 is a (horizontally) conformal submersion.
Explicitly, this means that, for any point x e M at which df ^ 0 , the restriction of df to the orthogonal complement K 1 of K^. == ker df within the tangent space M^ should be conformal and surjecti^e. Altogether, a semiconformal mapping with dilatation X is a C^mapping f: M -> N such that df is surjective whenever ^ 0 , and that df\ K^-simply multiplies distances by HX): because also G is invertible (at rr). Conversely (11) trivially implies (10) . Since the elements of G~1 are the contravariant components of g^\ (11) is a reformulation of the desired condition (7) , and the proof is complete.
Without recourse to local coordinates in N , the lemma reads as follows :
for e^ery pair of C 1 -functions v , w on N .
Remark. -As in the case of Lemma 4, the condition stated in the above corollary extends to a localized version, in whicĥ and w may be defined just in open subsets of N . Also note that, by polarization, it suffices to consider pairs (^,w) with v = w . For a study of harmonic mappings and their role in differential topology see Eells and Sampson [7] .
A harmonic mapping M -> R is the same as a harmonic function on M . In particular, the harmonic mappings f: M -> N depend only on the harmonic structure on M , in the sense that two Riemannian metrics on a manifold M determine the same harmonic mappings of M into another Riemannian manifold N if and only if the two metrics determine the same harmonic sheaf on M (that is, the same harmonic functions in open subsets of M). And the rather restrictive condition for this is explicitated in § 8, first corollary. Proof. -Inserting (7) in (12), we obtain
hence the stated expression for ^{f) in view of (13).
The connection between harmonic morphisms, harmonic mappings, and semiconformal mappings.
THEOREM. -A mapping f: M -> N 15 a harmonic morphism if and only if f is a semiconformal, harmonic mapping.
In the affirmative case the dilatation X of f is determined by (2) in Lemma 4. Proof. -Suppose first that f: M -> N is a harmonic morphism (hence C 00 ), and let X ^ 0 denote the function on M determined by (2) in Lemma 4.
To verify (7) in Lemma 5, note that Compose with /* in (15), multiply by X 2 , and subtract from (14) . Then (7) comes out as a consequence of (2), and so f is semiconformal according to Lemma 5. To show that T(/*) = 0 , apply once more (2) in Lemma 4 to v = y k^ and invoke Lemma 6. Conversely, suppose that f: M -> N is a harmonic mapping (hence C 2 ) which is also semiconformal, and let X denote the dilatation of f . Then (7) in Lemma 5 holds, and Lemma 6 applies. For any CMunction v on N we have the identity This follows from the theorem together with Lemma 6. Alternatively, just proceed as in the above proof. The existence of harmonic local coordinates in N follows from Greene and Wu [8] , as mentioned in § 1.
The case of equal dimensions.
THEOREM. -Let dim M == dim N == n . relation we insert (18) and the following consequence thereof:
The result is simply^O of a domain M c R 71 into R" are precisely the (restrictions to M of the) similarities^ that is, the affine conformal mappings of R" into itself, Here a) is well known; it follows from the proof of a) in
Step 2 of the above proof. And 6) follows from b) of the theorem since it is easy to show that every locally isometric mapping f: M -> R" must be affine (because f preserves local, hence also global Euclidean distances).
The symbol of a semiconformal mapping.
Consider a smooth (for simplicity C°°) mapping f: M -> N of a Riemannian manifold M of dimension m into a Riemannian manifold N of dimension n , and let a point a e M be given.
The order O^/*) of f at a is defined in terms of local coordinates {x 1 ) in M and (y^ in N , centered at a and f{a), respectively, as follows :
Oa(/*) is the smallest among those integers p ^ 1 such that, for some k = 1 , . . . , n , the /c'th component 
b) If f: M -> N is a harmonic morphism, then f is of finite order at every point a e M , and the symbol a^f) is a harmonic morphism-of M^ into N^) .
Proof. -Ad a) The assertion is evident if p = 1 , noting that then ^a{f)
== df (at a). In the case p > 1 choose local coordinate systems (x 1 ) and (z/^) for M and N , centered at a and /*(a), respectively, and so that moreover Ad 6) A harmonic morphism /*: M -> N is C", and f has finite order at every point a e M by the uniqueness theorem [I], [6] . According to [8] , N admits local coordinates (y^), centered at f{a), which are harmonic in N . Replacing these harmonic coordinates by suitable linear combinations of them, we may arrange again that (21) holds. Note that f k = y k o f is harmonic in M (near a) :
As before let 0^(f) = p . Since f is semiconformal by Theorem 7, so is a^(f) according to Part a), and it remains, by the corollary to Theorem 7 (or just by Theorem 2) to show that the coordinates of a,,(f) are harmonic functions in M^ . Since M,, is identified with R^ with its Euclidean metric, we shall thus prove that Arf^ =0 in R 7 " for k = 1, . . . , n , where A denotes the classical Laplace operator on R^ We may assume that p > 2 , since df k is a linear form, hence harmonic.
By a two-fold application of (20), and by summation over i = 1 , . . . , m , we get etc., and g^ = 8^' + 0(r), log^l = 0(r), etc., we obtain from (22)
Since rf^2 A/^ is homogeneous of degree p -2 , it must vanish identically, and we conclude from (23) that indeed A^f = 0 .
Openness of semiconformal mappings.
LEMMA. -Let 9 be a semiconformal C 2 -mapping of R^^O} into R' 1 (m ^ n ^ 2) such that 9 i5 positive homogeneous of some degree p e R\{0} : Proof. -For any dimension q the unit sphere in Rŵ ill be denoted by S^- In view of the homogeneity of 9 , (24) extends to
The supremum is attained on the cone R+r\{0}, where
is non-void and compact by (24).
Since l^]^ -19(rr)[ 2 ^ 0 in R^^O}, with equality on F , we have
for x e r . When combined with (25), this shows that \{x) > 0 for x e r , and further that
that is,
Choose a point e e F . Since |9(e)| == 1 , we may arrange (after an orthonormal change of coordinates in R") that (28) 9(^=(0,...,04). When considered as a function just of ( e R for fixed u e S' 
x{t))=^7^(x(t)).x{t)
showing that 9fc(o;(()) = y^t) because this holds for ( = 0 in view of (28), (29), and x(0) = e . Thus (31) <p(^)) = y{t) for ( e I(u).
Using Euler's identity for positive homogeneous functions :
we further obtain from (30) combined with (31) :
on K , and hence we have from (42) and (39) for all y e K :
which is less than the radius a| y^\ 1/2 of K . It follows therefore from a well-known version of Rouche's theorem and Kronecker's existence theorem that there exists y G K with g{y) = OC2/0 (the center of K), and hence according to ( 
Supplementary results and examples.
In this section R" is always endowed with its standard Riemannian metric and hence with its classical harmonic structure. Also, C is identified, as a Riemannian manifold, with R 2 .
11. This result is a particular case of the corollary to Theorem 7 ( 15 ). Specific examples : G = S0(n) (the special orthogonal group), and G = S 3 (the unit quaternions).
Extension to /i-harmonic morphisms.
Let again M and N denote two Riemannian manifolds of dimensions m and n, respectively. In this section we shall suppose that a C^-function h > 0 is given on M . In fact, the Laplace-Beltrami operator A^0 on M with respect to the metric g^ is found to be A^u = h~^ (AMU + 2gM(Vlog h, V u)).
DEFINITION. -An h-harmonic morphism is a continuous mapping f: M -> N such thaty for every harmonic function v in an open set V <= N , the composite function v o f is h-harmonic in ^(V).
Remark. -This notion is of interest only for m ^ 3 . In fact, for m = n -= 2 the argument given in the proof of Theorem 8a shows that there are no non-constant A-harmonic morphisms M -> N except in the previous case where h is constant (==!).
In the sequel we shall therefore assume that m -^=-2 . Then /*: M -> N is an A-harmonic morphism if and only if f is a harmonic morphism with respect to the modified metric (44) on M (and the given metric on N). Hence we can carry over mutatis mutandis the general results of the preceding sections.
While Lemma 3 carries over to A-harmonic morphisms as it stands, (2) in Lemma 4 should now be replaced by
